Abstract
from the demand points to the new facility service, which has to be located simultaneously with a 36 highway. The highway is used by a demand point whenever it saves time to reach the facility.
37
Notation to formulate the problem is as follows. Let S be the set of n client points; f the service facility point; h the highway; ℓ the length of h; t and t ′ the endpoints of h; and v ≥ 1 the speed in which the points move along h. Let w p > 0 be the weight (or demand) of a client point p. Given a point u of the plane, let x(u) and y(u) denote the x-and y−coordinates of u respectively. The distance or travel time (see Figure 1 ), between a point p and the service facility f is given by the function The distance between a point p and the facility f using the highway.
Then the problem can be formulated as follows:
38
The Facility and Highway Location problem (FHL-problem): Given a set S of n 39 points, a weight w p > 0 associated with each point p of S, a fixed highway length ℓ > 0, 40 and a fixed speed v ≥ 1, locate a point (facility) f and a line segment (highway) h of 41 length ℓ with endpoints t and t ′ such that the function p∈S w p · d t,t ′ (p, f ) is minimized.
42
Espejo and Rodríguez-Chía [8] studied the FHL-problem and gave the following characterization of 43 the solutions. Consider the grid G defined by the set of all axis-parallel lines passing through the 44 elements of S. They stated that there always exists an optimal highway having one endpoint at 45 a vertex of G. Based on this, they proposed an O(n 3 log n)-time algorithm to solve the problem.
46
In this paper we show that the characterization given by Espejo and Rodríguez-Chía is not true in general, hence their algorithm does not always give the optimal solution.
48
Addendum An anonymous referee pointed out that the authors of [8] published a corrigendum 49 to their paper the 19th of January 2012, and that our result was not novel. In here we provide 50 a chronological order of the events so that the reader can reach his/her own conclusions. The . We contacted the authors of [8] , and provided them with a copy of our paper, including the 54 counterexample. Naturally, they were interested in our research, and wanted to know where had 55 they done a mistake. Rodriguez-Chia, we believe that the date in which the result was found (and not published in a 66 journal) is the relevant one. Thus, we claim that our paper is the first one to claim the error of [8] .
67
On a side note, we note that the corrigendum of Espejo and Rodriguez-Chia is also wrong, since 68 they claim that our characterization is weaker. They specifically say that "The description given by
69
[this paper] means an infinite many number of candidates to be one of the endpoints of an optimal 70 segment". Although Lemma 2.1 does not explicitly say so, the algorithm of Section 3 only considers
71
O(n 3 ) cases (in particular a finite amount).
72
Paper Organization In Section 2 we first provide a proper characterization of the solutions.
73
After that we give a counterexample to the Espejo and Rodríguez-Chía's characterization. We 74 provide a set of five points, all having weight equal to one, and prove that no optimal highway has 75 one endpoint in a vertex of G. In Section 3 we present an improved algorithm running in O(n 3 )
76
time that correctly solves the FHL-problem. Finally, in Section 5, we state our conclusions and
77
proposal for further research.
78
2 Properties of an optimal solution
79
A primary observation (also stated in [8] ) is that the service facility can be located at one of the 80 endpoints of the rapid transit line. From now on, we assume f = t ′ throughout the paper. This 81 assumption simplifies the distance from a point p ∈ S to the facility to the following expression,
Using this observation, the expression of our objective function to minimize is Φ(f, t) = p∈S w p · 83 d t (p, f ). We call this value the total transportation cost associated with f and t (or simply the cost 84 of f and t).
85
We say that a point p uses the highway if p − t 1 + ℓ v < p − f 1 , and that p does not use it (or 86 goes directly to the facility) otherwise. Given f and t, we call travel bisector of f and t (or bisector t. Given ε ∈ [−δ 1 , δ 2 ], let f ε , t ε , and h ε be f , t, and h translated with vector (ε, 0), respectively.
100
It is easy to see that |d tε (p,
denote the sign of x. We partition S into three sets S 1 , S 2 and S 3 as follows:
Observe that points of S 3 are in the bisector of f and t; S 1 contains the demand points that travel 103 rightwards to reach f directly or by using the highway, and S 2 contains the points that travel 104 leftwards.
105
Theoretically, one could consider the case in which a point belongs to set
Geometrically speaking, the points of this set are those that,
107
when translating the highway in either directions, the distance between them and the entry point vertically aligned with t, or (ii) p walks to the facility and it is vertically aligned with f . However,
111
by definition of δ 1 and δ 2 , no point of S can belong to (or enter) S 4 during the whole translation.
112
By the linearity of the L 1 metric, whenever we translate the highway ε units to the right (for some 113 arbitrarily small ε, 0 < ε ≤ δ 1 ), the highway will be ε units closer for points in S 2 ∪ S 3 , but ε units 114 further away for points of S 1 . Analogously, the distance to the facility decreases for points in S 1 ∪ S 3
115
and increases for points of S 2 when translating h leftwards. Let N = p∈S 1 w p − p∈S 2 w p and
, the change of the objective function 117 when we translate the highway with vector (ε, 0) is equal to the following expression:
Since we initially assumed that the location of h is optimal, we must have both N = k = 0
119
(otherwise translating h rightwards or leftwards would result in a decrease of the objective fuction).
120
In particular, we can translate h in either direction so that the cost of the objective function is 121 unchanged.
122
More importantly, observe that the value of k must remain 0 on the whole translation: if at some 123 point it becomes positive we can find a translation from that point that reduces the cost of the 124 objective function. In particular, the set S 3 must remain empty during the whole translation. Any 125 point that changes from set S 1 to S 2 (or vice versa) must first enter S 3 . Since the latter set remains 126 empty during the whole translation, no point can change between sets S 1 , S 2 , or S 3 until either f 127 or t is vertically aligned with a point of S.
128
We perform the same operations on the y coordinates and obtain that one of the two endpoints is 129 on a horizontal line of G, hence satisfying one of the two conditions of the Lemma.
130
When the highway's length is equal to zero, the FHL-problem is the weighted 1-median prob- Consider now locating one of the highway endpoints at coordinates (12, 0) or (12, −1). Observe that 150 the walking time (i.e., the traveling time when the highway is not used) from the points (−4, 0) and
151
(−3, −1) takes at least 15 units of time, which is more than the cost associated with our solution.
152
The same happens to the sum of the traveling times of the three other points. Hence, if f is located all points of S to the geometric median, which is higher than the cost associated with our solution.
157
Consider now the cases in which one of the endpoints has coordinates (12, y 0 ) for some y 0 ∈ {5, 7, 8}. We start by showing that, in any of the three cases, the optimal position of the other endpoint of the highway (denoted by e) must lie on the line y = 0. Since the highway's length is equal to ℓ, the possible positions of e lie both in circle σ of radius ℓ centered at (12, y 0 ) and to the left of line x = 12. Observe that the clients that walk to e are points a = (−4, 0) and b = (−3, −1), located always to the left of e. Hence, we are interested in minimizing the expression a− e 1 + b− e 1 . Let a ′ , b ′ ∈ σ denote respectively the closest points to a and b with the L 1 metric, which verify y(a ′ ) = 0 and y(b
(see Figure 4 a) ). Similarly, if y(e) < −1, then
Therefore, e must satisfy −1 ≤ y(e) ≤ 0 (see Figure 4 b) ). In this case we have Figure 5: Definitions of f ε and t ε .
170
The variation of the objective function's value when f and t are moved to f ε and t ε , respectively, 171 is equal to
In the following we will show that √ 36 + 24ε − ε 2 < 6 + 2ε, for all ε ∈ [−δ 1 , δ 2 ] \ {0}. In particular,
173
we will have g(ε) > 0 (except when ε = 0), implying that our highway location is optimal. First 174 observe that 4ε 2 + 24ε + 36 = (2ε + 6) 2 > 36 + 24ε − ε 2 . Since |ε| < 1 then 2ε + 6 > 0 and 175 36 + 24ε − ε 2 > 0, which implies 2ε + 6 > √ 36 + 24ε − ε 2 . Thus g(ε) > 0 and the highway with endpoints f and t gives a better solution than that having an endpoint at (12, 7) or (12, 5). This completes the proof.
178
In the next section we provide a correct algorithm that solves the problem in O(n 3 ) time. We 
186
In the next subsections we give an O(n 3 )-time algorithm for each variant of the problem. In both
187
of them we assume w.l.o.g. that highway's length ℓ is equal to one.
188
In the following θ will denote the positive angle of the highway with respect to the positive direction
189
of the x-axis. For the sake of clarity, we will assume that θ ∈ [0, 
191
Given a point u and an angle θ, let u(θ) be the point with coordinates (x(u) + cos θ, y(u) + sin θ).
192
There exists an angle φ ∈ [0, 
196
Let Π x , Π y , and Π x+y denote the point set S sorted according to the x-, y-, and (x + y)-order,
197
respectively. 
Solving the Vertex-FHL-problem

199
For each vertex u of G we can solve the problem subject to f = u or t = u. We show how to obtain • The point p switches from using the highway to going directly to the facility (or vice versa).
206
We call these changes bisector events. A bisector event occurs when the bisector between the 207 highway's endpoints u and u(θ), contains p. At most two bisector events are obtained for each 208 point p.
209
• The highway endpoint u(θ) crosses the vertical or horizontal line passing through p. We call 210 this event grid event. Again, each point of S generates at most two grid events.
211
• θ = φ. We call it the φ-event. Proof. The preprocessing consists in computing Π x , Π y , and Π x+y , which can be done in O(n log n) 218 time. Now, let u be a vertex of G. It is straightforward to see that they are O(n) grid events and 219 that we can obtain their angular order in linear time by using both Π x and Π y . Let us show how 220 to obtain the bisector events in O(n) time.
221
The bisector of u and u(θ) consists of two axis-aligned half-lines and a line segment with slope whether a point p ∈ S generates a bisector event for some angle θ. The following statements are true for any point p ∈ S:
242
Let Γ 1 (resp. Γ 2 , Γ 3 ) be the sequence obtained by replacing each element p in Π 1 (resp. Π 2 , Π 3 ) 243 by α p (resp. β p , γ p ). Therefore, from statements (a) − (d) and the monotonicity of the functions 244 cos θ + sin θ, cos θ − sin θ, and − cos θ + sin θ in the interval [0, 
Solving the Edge-FHL-problem
259
We now consider the case in which the optimal solution satisfies condition b) of Lemma 2.1. Namely,
260
we consider a horizontal line e h of G and each vertical line e v of G. For every pair of such lines,
261
we consider eight different sub-cases, depending on whether h is located above/below e h , right-262 wards/leftwards of e v , and f ∈ e h and t ∈ e v (or vice versa). For a fixed sub-case, we parametrize 263 the location of the highway by the angle θ that the highway forms with e h . As in the Vertex-FHL 264 case, we assume that f ∈ e h , t ∈ e v , and θ ∈ [0, π 4 ].
265
We implicitly redefine the coordinate system so that e h and e v intersect at the origin o. Let θ ∈ [0, Proof. We can follow the arguments of Lemma 3.1. Firstly, we note that there are O(n) grid events
275
and their angular order can be obtained in linear time by using both Π x and Π y .
276
Given a point p ∈ S, let the events α p , β p , and γ p be defined as in the Vertex-FHL case. Refer to 
282
Given a point p ∈ S, the following statements are true:
for all points p in Π 3 such that γ p > φ.
287
Let Γ 1 (resp. Γ 2 , Γ 3 ) be the sequence obtained by replacing each element p in Π 1 (resp. Π 2 ,
288
Π 3 ) by α p (resp. β p , γ b ). Therefore, by using similar arguments to those used in Lemma 3.1 the Proof. We can use a method similar to the one used in the Vertex-FHL-problem. Let e h be a 299 horizontal line of G and e v be a vertical line of G. and b 2 , b 3 ∈ Z are constants. This problem has constant size, hence the minimum of g(θ) can be each of these solutions can be seen in Table 4 . The optimal solution for each of the cases (and its 317 associated cost) has been obtained with the help of a computer.
318
Observe that, for some values of ℓ, the optimal solution satisfies condition (a) of Lemma 2.1, but in e)). Afterwards the cost gradually increases until we locate a highway so long that no point of S 323 uses it to reach f . We also note that for this demand point set the highway's speed has a small 324 impact on the optimal solution. Indeed, increasing the highway's speed changes the total cost but 325 the location of the highway in the above instance is unaffected by the highway's speed (provided 326 that v > 1). The fourth column in Table 4 gives the small variation of the total cost with respect is depicted in red (and the endpoint containing f as a cross). The exact highway's length and the associated total transportation cost can be seen in Table 4 .
Concluding remarks
330
As further research, it would be worth studying the same problem in other metrics or using different 
335
Motivated from the experimental results of Section 4, we can deduce that the highway's length 336 has a strong impact on the optimal solution. As one would expect, when the highway's length is 337 small, the total cost barely changes. We obtain a similar effect when the highway to locate is very 338 long, since traveling to the opposite endpoint takes more time than walking directly to the facility.
339
Hence, it would be interesting to consider a variation of the problem in which we can also adjust 340 the highway's length. Specially, one would like to find a balance between the cost of constructing a 341 longer highway and the improvement in the total transportation cost.
